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Various precision determinations of the Fermi constant are compared. In- 



1 eluded are muon and (leptonic) tau decays as well as indirect prescriptions 

CM ' 

employing a, mz, raw, sin 2 Ow(mz)jjg, T(Z — > £ + £ ), and T(Z — > vv) as 
input. Their good agreement tests the standard model at the ±0.1% level 

*n 

■^J- ■ and provides stringent constraints on new physics. That utility is illustrated 

m ; 

for: heavy neutrino mixing, 2 Higgs doublet models, S, T, and U parameters 

On 



and excited W*^ bosons (Kaluza-Klein excitations). For the last of those 
examples, raw* ^ 2.9 TeV is found. 



The Fermi constant, Gp, is an important, venerable holdover from the old local theory 
of weak interactions Q. Expressed in terms of SU(2)l x U(l)y standard model parameters, 
it is given by 

G F = g 2 2 /AV2m 2 w (1) 

where g 2 is an SU(2) l gauge coupling and mw is the W ± gauge boson mass. To be more pre- 
cise, Gf must be expressed in terms of physical observables or well prescribed renormalized 
parameters. Also, electroweak radiative corrections must be properly accounted for. 

Traditionally, the muon lifetime, r M , has been used to define the Fermi constant because 
of its very precise experimental value |2| 

r M = 2.197035(40) x 10~ 6 s (2) 



and theoretical simplicity. Labeling that definition by G^, it is related to r M via 

f(x) = 1 - 8x + 8x 3 - x A - 12x 2 £nx (3) 

In that expression, R.C stands for radiative corrections and the |m^/m^ term is a small 
W boson propagator effect. The R.C. expression is somewhat arbitrary. Most quantum loop 
corrections to muon decay are absorbed into the renormalized parameter G^. For historical 
reasons and in the spirit of effective field theories, R.C. is defined to be the QED radiative 
corrections to muon decay in the local V-A four fermion description of muon decay. That 
separation is natural and practical, since those QED corrections are finite to all orders in 
perturbation theory ||. In fact, they have been fully computed through 0(a 2 ) and are given 
by 

R.C. = ± ( ™ - A ( 1 + ° ( 2 -in^ - 3.7) + (°Y (Un^ - 2Mn^ + c)+-) 
2tt V 4 J\ vr V3 m e J W V9 m e m e J J 

(4) 

where a is the fine structure constant 

a' 1 = 137.03599959(40) (5) 

The leading 0(a) term in that expression has been known for 4 decades from the pioneering 
work of Kinoshita and Sirlin 0] and Berman |J. Coefficients of higher order Cn^- terms 
are determined by the renormalization group requirement |J 

0(«) = !£ + iS + - ( 6 ) 

The -3.7 two loop term was very recently computed by van Ritbergen and Stuart 0. Their 
result also implies the next-to-leading logs in (|j) via @, leaving C as the only unknown 
0(a 3 ) contribution to R.C. Comparing @ and (0), one finds 

G„ = 1.16637(1) x 10~ 5 GeV- 2 (7) 
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which is, by far, the best determination of the Fermi constant. In fact, it is more than 
100 times better than the other prescriptions considered in this paper. Nevertheless, there 
have been several proposals to further reduce the uncertainty in and by an additional 
factor of 10. Given the fundamental nature of G^, such measurements should certainly be 
encouraged. However, from the point of view of testing the standard model, some other 
independent determination of the Fermi constant would have to catch up to G M before a 
more precise r M measurement could be fully utilized. 

In the renormalization of G^, lots of interesting quantum loop effects have been absorbed. 
Included are top and Higgs loop corrections to the W boson propagator as well as potential 
new physics from supersymmetry, technicolor, etc. Even possible tree level contributions, 
for example from massive excited bosons or other effects, might be encoded in G^. To 
unveil such contributions requires comparison of G M with other independent determinations 
of the Fermi constant that could have different tree or loop level dependences. 

Because of the renormalizability of the standard model, universality of bare gauge cou- 
plings among lepton generations H] 



<4 = 92 = 9 T 2 (8) 



and the bare natural relations |§ 



sm 2 6 w = ^- = l-(m w /m° z ) 2 , (9) 

92 

there are many ways to determine Fermi constants and compute very precisely their rela- 
tionships with G M . Comparison of those quantities can then be used to test the standard 
model and probe for new physics. 

The leptonic decay widths of the tau can provide, in close analogy with muon decay, 
Fermi constants G T £, I = e or fi. Including 0(a) QED corrections, one employs the radiative 



inclusive rate 10 



192vr 3 J \ ml M 5 m 2 w ) \ 2vr V 4 ' ' 



Those Fermi constants have been normalized, through 0(a), such that G Te = G T/1 = 
in the standard model. That is possible because g\ = = gJ, and the 0(a) radiative 
corrections are the same (up to 0(am^/m^)). 
Employing the experimental averages |TT] 



t t = 290.5 ± 1.0 x 10" 15 s 



lla) 



B(t ew(7)) = 0.1781(6) 



(lib) 



B(t -»• Atz/z/( 7 )) = 0.1736(6) 



(11c) 



implies 



r(r -> ei/P(7)) = 4.035(19) x 10" 13 GeV 
r(r -> iMi/Dd)) = 3.933(19) x 10" 13 GeV 



(12a) 
(12b) 



Used in conjunction with 



m T = 1777.0(3) MeV, 



(13) 



those widths lead to 



G Te = 1.1666(28) x 10" 5 GeV" 2 
G Tfl = 1.1679(28) x 10" 5 GeV" 2 



(14) 
(15) 



They are in very good accord with G M , but their errors are nearly 300 times larger. Never- 
theless, collectively those Fermi constants test e-/x-r universality at the ±0.2% level 



9% ■ 9& ■ 9l 1 : 1-0011(24) : 1.0006(24) 



(16) 



(employing ( |llb| ) and Qllcj ) directly). 

The good agreement between G^ and the G T e can be used to constrain new physics. 
Consider, for example, the effect of a heavy fourth generation lepton doublet (z/ 4 , L) with 



masses > 95 GeV; so, it would have escaped detection at existing colliders. Parametrizing 
the 3rd and 4th generation mixing by #34, one has (assuming no mixing with the first or 
second generations) |I2|-H 



v T = u 3 cos 6*34 + sin #34 (17) 



That being the only mixing effect, one would expect G T £ = cos #34. Combining ([14]) and 
(|j~5|) to get = 1.1672(25) x 10" 5 GeV~ 2 and comparing with G^, one finds the rather 



stringent bound 

sin #34 < 0.075 (95%CL) (18) 
What value of sin^ 34 might be reasonable in such a scenario? If an analogy with quark 



mixing is appropriate, one might guess [0] sin 6*34 ~ Jm T /m L . If that is the case, (|18"D 



translates to > 316 GeV. An additional factor of 2 improvement in G T g would push 
that probe into the very interesting > 850 GeV region, under the above assumptions. 
A similar analysis could be applied to singlet neutrinos or more general mixing scenarios. 
Note, however, that heavy v± mixing with the first two generations of neutrinos must be 
suppressed due to constraints from /i — > and fi~N — > e~N searches. 

As a second illustration of new physics, consider the general 2 Higgs doublet model 
with tan/5 = v 2 /v\ and physical scalar masses m^, m#, uia and m H ±. Charged Higgs 



scalar exchange at the tree level would reduce the tau leptonic decay rates by a factor [15 
1 3^- tan f3 I and thus effectively imply G Tfl < G Te . However, the good agreement 

m H ± ) 

between (IIBD and (1T4T) can be used to set the bound [Ol 



m H ± > 2 tan/? GeV (95% CL) (19) 
For large tan/3 > 45, that bound is competitive with direct e + e~ collider searches as well 



as constraints from B — > tuX (Til. However, b — > 57 measurements generally give a more 



restrictive bound. Constraints on the spectrum of scalars can also be obtained by comparing 



G^ and G T £, but they will not be discussed here QT7 



There are also a number of indirect prescriptions for obtaining Fermi constants. For 



example, using the natural relations in (Rj), one can define fll8|,[T9| 



G W = ™ (2Q) 

F V2m 2 w (l-m 2 w /m%)(l-Ar) 1 ' 

GP = 5 (21) 

Gf = r , 2 *™ (22) 

V2m% sin 2 2^(m z )^(l - Af) 

where Ar, Ar(m^)jgg, and Af represent the radiative corrections to those relationships. 
They have been normalized such that = G$ = G$ = GjP in the standard model []20| . 



To determine those quantities, requires calculations of the loop corrections to G M , a, mz, 
m w , and sin 2 Ow( m z)ws as we ^ as ^ ne reactions used to measure them. Fortunately, the 
complete one loop corrections in (p0|)-(|22|) are known and most leading higher order effects 
have also been computed |2"T|. 



Leptonic partial widths of the Z boson also provide useful Fermi constant determinations. 
Defining 

G ziU- = 12V27rr(Z->l+l-( 7 )) (23) 

m z (l-4sm 2 6 w (m z )j^+8sm 4 6w(m z )Ms)(l- Arztmzjjjg) 



z = W2pz 

m|(l - t\r z ) 



with the radiative corrections Arz{mz)jjs anc ^ ^ rz a S am normalized such that Gp £+e 



'MS 

iZvv 



Gp = Gfj, in the standard model. Note that T(Z — > £ + £ (7)) by definition corresponds 



to Z decay into massless charged leptons [22|, rri£ = 0, It is obtained from an average of 



£ = e, //, r data, where only the r + r _ width requires a non-negligible phase space correction 
factor of 1.0023. For some new physics scenarios P3"| , a separate G F T+T could prove useful; 
however, those cases will not be considered here. 

The electroweak radiative corrections in (p0"|)-(p3|) are known. They depend with varying 
sensitivities on the top quark and Higgs masses. For example, Ar(m z )jYs exhibits very 
little dependence on those quantities while Ar is most sensitive. Also, the first three, 
Ar, Ar(mz)jfg, and Af have a common low energy hadronic vacuum polarization loop 



uncertainty [24]] due to a. Here, a very small ±0.0002 error from that source is assigned 
|[25|| . A more conservative approach might expand [^] that uncertainty by a factor of 2-4, 
but it would not affect our subsequent analysis significantly. 

In the evaluation of electroweak radiative corrections, the following central values and 
uncertainty ranges are assumed 

m t = 174.3 ±5.1 GeV 

m H = 125tf 5 5 GeV ( 25 ) 

The Higgs mass range is bounded from below by LEP II results m# ^> 89.8 GeV. A 
conservative upper range of m# ~ 400 GeV is assumed at the 1 sigma level. Using those 



input parameters, one finds [21 



Ar = 0.0358 =f 0.0020^;^ ± 0.0002 (26a) 

Ar i m z)jrs = 0-0696 ± 0.0001±g;ggg| ± 0.0002 (26b) 

Af = 0.0597 =f 0.0005^^5 ± 0.0002 (26c) 

Ar z {m z ) m = -0.0071 =f 0.0005±°;°ooi (26d) 

Ar z = -0.0048 q= 0.0005±g:gggf (26e) 

where the first error corresponds to Am t , the second to Am#, and the third (when present) 
to hadronic vacuum polarization uncertainties. Increasing the last of those by a factor of 2-4 
would make it comparable to other errors in Ar{m z )jjg anc ^ wom d not seriously 

impact our subsequent results. 



Employing the values of a, m t , and m# given above, along with [27 



m z = 91.1867(21) GeV (27a) 

m w = 80.422(49) GeV (27b) 

sin 2 M«^)ms = sin2 °w - 0-00028 = 0.23100(22) (27c) 

T(Z £ + r( 7 )) = 83.91(10) MeV (27d) 

T(Z -> Evu) = 500.1(18) MeV (27e) 



leads to 
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(28e) 



where the first error comes from the experimental input in ( ^7j) while the second is due to 
uncertainties in ( p6|) from radiative corrections. 

All derived Fermi constants in ( p8|) are in excellent accord with G M = 1.16637(1) x 10~ 5 
GeV -2 , but their errors are more than 100 times larger. Nevertheless, they can be used to 
place tight constraints on new physics. 

Consider the case of heavy new chiral SU(2)^ doublets from a fourth generation of 
fermions or motivated by technicolor models of dynamical electroweak symmetry breaking. 
Such fermions contribute to the above radiative corrections via gauge boson self-energies. 
Their effects are conveniently described by the Peskin-Takeuchi S, T, and U parameters 
2~8fl , where S represents isospin-conserving and T and U isospin- violating gauge boson loop 



contributions. Their presence would modify the relationships between G M and the other 
Fermi constants such that 

G^ = G ( p\l + 0.0175 - 0.026T - 0.020C/) (29a) 

Gf, = Gp\l + 0.0085(5* + U)) (29b) 

G^ = Gp\l + 0. OllS* - 0.0078T) (29c) 

Gf, = Gf +l ~ (1 - 0.0078T) (29d) 

Gf, = Gf v {\ - 0.0078T) (29e) 

No evidence for S, T, or U ^ is apparent from Q2"8l). In fact, comparing ([29 b|) with 
and Gp^ in (|28b|) leads to 



- 0.28 < S + U < 0.33 (90% CL) (30) 

Comparing ( [29c|) with (|29d| ) and ( [29e|) eliminates the dependence on T and gives the some- 
what tighter constraint 

- 0.38 < 3 < 0.04 (90% CL) (31) 

In the case of a heavy fourth generation of fermions (4 chiral doublets), one expects S = 
2/37T ~ 0.21 which conflicts with (j3i~D . Generic technicolor models suggest [28j S ~ 0(+l) 



which conflicts significantly with (|3i~|) and (|30|) for £7^0 (as expected in those models). The 
bound on S provides an obstacle for electroweak dynamical symmetry breaking advocates 
or fourth generation scenarios. If high mass chiral fermion doublets exist, their dynamics 
must exhibit properties that preserve S ~ or other loop effects must cause a cancellation. 
^From the comparison of Q29d| ) and ( [29e| ) with G M , one also obtains the bound 

- 0.40 < T < 0.17 (90% CL) (32) 



on the isospin violating loop correction. The constraints in (|30|)-(j32j) are nearly as good as 
those obtained from global fits to all electroweak data ||29|| . 

The final example considered here is the possibility of excited bosons that arise 
in theories with extra compact dimensions (Kaluza-Klein excitations) |[U| or models with 
composite gauge bosons. Assuming fermionic couplings to W* identical to those of the 
W ± , g\ = #2, direct searches at the Tevatron lead to the bound M 

m w * > 720 GeV (95% CL) (33) 

For #2 7^ 92, that bound is (roughly) multiplied by 1 + Q.Mn^gi,/ 92) and thus not so sensitive 
to shifts in g\. If such bosons exist, they would also contribute to low energy charged current 
amplitudes such as muon or tau decays. Their effect would be encoded in and G T i but 
not the indirect Fermi constants in (|28|). 

The effect of excited bosons would be to replace g^/^w i n l° w energy amplitudes by 
gll ( m w) where [|7 

9 



+ ^^- + .- (34) 



As long as the relative signs are positive, (m^) is always smaller than m 2 ^. The situation 
is analogous to adding resistors in parallel. In such a scenario, should be larger than the 
Gp in PSD- There is no indication of such an effect. Quantitatively, one expects 

\ \92j m 2 w * 
C=l+( 9 -^] ^ + --->l (35) 



In the simplest single extra dimension theory |30|], C ~ X) 1/n 2 = 7r 2 /6. Additional compact 

n=l 

space dimensions can further increase C. 

Comparing (^) with (p8|) , one finds (at 95% CL) 

m w * > 2.9VC{g*/g 2 ) TeV (from G^) (36a) 

m w * > l.hVC{g* 2 /g 2 ) TeV (from G { p) (36b) 

mvi/* > lAVC(g* 2 /g 2 ) TeV (from G?) (36c) 

m w * > lAVC(g* 2 /g 2 ) TeV (from Gf +t ~) (36d) 

m^* > 1.0VC(gZ/g 2 ) TeV (from Gf^) (36e) 

Note that Gp i+e would lead to a better bound if its central value were not about 1 sigma 

(2) 

below Gfj,. Also, the bound from G F has less m t and m H sensitivity and probably provides 
the least model dependent constraint. 

The above bounds can be relaxed if g 2 <C g 2 or increased for C > 1. Taking mw* > 2.9 
TeV as representative, that corresponds to a bound on W ± substructure at ~ 2.9 TeV and 
R < 1/rrty/* ~7x 10 -18 cm for the radii of extra dimensions | 3T| . 

How might the above constraints improve? Measurement of m# and refinements in m t 
will reduce the uncertainty in radiative corrections. At LEP II and the Tevatron, a reduction 
in Amw to ±15 MeV is anticipated while at SLC, A sin 2 Ow( m z)jjs com d be reduced to 
±0.00018. In the longer term, high statistics Z pole studies at a future £ + £~ collider could 

10 



reduce A sin 2 6w{mz)ws t° about ±0.00004 and significantly improve the leptonic Z partial 
widths. Such improvements will, for example, allow one to probe mw* beyond ^VC^/ g-i) 
TeV. For comparison, direct searches at the Tevatron with 2/b" 1 will explore mw* S 1-2 
TeV while LHC is sensitive to ~ 6 TeV. An advantage of direct collider searches for excited 
bosons is their reduced sensitivity to changes in g%, as long as their leptonic branching ratio 
remains relatively fixed and is significant. On the other hand, indirect constraints obtained 
by comparing and G$ are more sensitive to g%, but independent of branching ratio 
assumptions. Hence, the two approaches are very complementary. 

In addition to the above, one can define Fermi constants using quark beta decays and 
CKM unitarity or from low energy neutral current processes such as atomic parity violation. 
The latter case provides a powerful constraint on many examples of new physics. It will be 
examined in a subsequent paper which updates the radiative corrections to atomic parity 
violation. 

The Fermi constant has played an important role in the history of weak interactions and 
development of the standard model. As demonstrated here, it continues to provide useful 
guidance for testing the standard model and probing new physics. 



11 



[1] 

[2] 
[3] 
[4] 
[5] 
[6] 
[7 



[9 
[10 

[11 
[12 

[13 



[14 
[15 
[16 

[17 



REFERENCES 
E. Fermi, Z. Phys. 88, 161 (1934). 
PDG Tables 1998, Euro. Phys. J. C3, 1 (1998). 
S. Berman and A. Sirlin, Ann. Phys. 20, 20 1962). 
T. Kinoshita and A. Sirlin, Phys. Rev. 113, 1652 (1959). 
S. Berman, Phys. Rev. 112, 267 (1958). 
M. Roos and A. Sirlin, Nucl. Phys. B29, 296 (1971). 
T. van Ritbergen and R. Stuart, Phys. Rev. Lett. 82, 488 (1999). 
W. Marciano and A. Sirlin, Phys. Rev. D8, 3612 (1973). 
C. Bollini, J. Giambiagi and A. Sirlin, Nuovo Cimento 16A, 423 (1973). 
W. Marciano and A. Sirlin, Phys. Rev. Lett. 61, 1815 (1988). 
J. Kiihn, |hep-ph/98l2~3T)g| preprint (1998). 



W. Marciano, Nucl. Phys. (Proc. Suppl.) 40, 3 (1995). 

B. Barish and R. Stroynowski, Phys. Rep. 157, 1 (1988); M. Shin and D. Silverman, 
Phys. Lett. B213, 379 (1988); S. Rajpoot and M. Samuel, Mod. Phys. Lett. A3, 1625 
(1988). 

W. Marciano, Phys. Rev. D45, R721 (1992). 

P. Chankowski, R. Hempfling, and S. Pokorski, Phys. Lett. B333, 403 (1994). 

W.-S. Hou, Phys. Rev. D48, 2342 (1993); Y. Grossman and Z. Ligeti, Phys. Lett. B332, 
373 (1994). 



R. Guth, A. Hoang, and J. Kiihn, Phys. Lett. B285, 75 (1992). 
[18] W. Marciano, Nucl. Phys. B84, 132 (1975). 

12 



[19] A. Sirlin, Phys. Rev. D22, 471 (1980); W. Marciano and A. Sirlin, Nucl. Phys. B189, 
442 (1981). 

[20] W. Marciano, in "Spin Structure in High Energy Processes", SLAC 1993 Summer In- 
stitute Report 444, p. 35. 

[21] G. Degrassi, P. Gambino, and A. Sirlin, Phys. Lett. B394, 188 (1997); G. Degrassi, 
P. Gambino, M. Passera and A. Sirlin, Phys. Lett. B418, 209 (1998); P. Gambino in 
RADCOR 98, |hep-ph/9812332 . 



[22] CERN-PPE 97-154, LEP-SLD Report. 

[23] A. Denner, R. Guth, W. Hollik, and J. Kuhn, Z. Phys. C51, 695 (1991). 

[24] W. Marciano, Phys. Rev. D20, 274 (1979). 

[25] M. Davier and A. Hocker, Phys. Lett. B439, 427 (1998). 

[26] S. Eidelman and F. Jegerlehner, Z. Phys. C67, 585 (1995); F. Jegerlehner, Contribu- 
tion to "Proceedings of the IVth International Symposium on Radiative Corrections", 
Barcelona, Spain (1998). 

[27] W. Marciano in SLAC Topical Conference 1998. See also talks by Y.K. Kim and A. 
Kotwal, Fermilab QCD and Weak boson Physics Workshop, Mar. (1999). 

[28] M. Peskin and T. Takeuchi, Phys. Rev. Lett. 65, 964 (1990); Phys. Rev. D46, 381 
(1992); W. Marciano and J. Rosner, Phys. Rev. Lett. 65, 2963 (1990). 



J. Erler and P. Langacker, |hep-ph/9809352 



[30] V. Kostelecky and S. Samuel, Phys. Lett. B270, 21 (1991); I. Antoniadis, Phys. Lett. 
B246, 377 (1990); I. Antoniadis, K. Benakli, and M. Quiros, Phys. Lett. B331, 313 
(1994); G. Chapline and R. Slansky, Nucl. Phys. B209, 461 (1982). 

[31] After these studies were completed, a paper by P. Nath and M. Yamaguchi appeared 



13 



hcp-ph/9902323 which placed bounds on W* boson effectively using GP and G M . 



14 



